Introduction {#Sec1}
============

In a previous work \[[@CR1]\], we studied and classified the singularity structure and the corresponding asymptotic behavior of a 3-brane in a five-dimensional bulk, in the presence of an analog of a bulk perfect fluid, using the so-called method of asymptotic splittings \[[@CR2], [@CR3]\]. We assumed that the bulk fluid satisfies an equation of state $\documentclass[12pt]{minimal}
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                \begin{document}$$Y$$\end{document}$. We found a surprising result that the flat brane solution does not suffer from a finite-distance singularity in the region $\documentclass[12pt]{minimal}
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                \begin{document}$$-1<\gamma \le -1/2$$\end{document}$, opening the possibility of the self-tuning mechanism for the physical cosmological constant.

More precisely, this conclusion was reached as follows: for $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ outside this region, the flat brane solution found asymptotically was general, i.e. with a maximum number of arbitrary constants, and had a singularity at finite distance from the brane position. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ in the above region on the other hand, the singular flat brane solution had less constants and was thus considered to be particular with the general solution assumed regular having a singularity at infinity. On the other hand, as we will see later, it is possible to find the general solution for the flat brane explicitly, and it is singular for any value of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$, which created a puzzle for the meaning of the asymptotic solutions.

The solution of the puzzle is the existence of envelopes in a system of differential equations \[[@CR4], [@CR5]\], together with the correct interpretation of those asymptotic solutions which show a blow up at infinity. Envelopes amount to solutions with a smaller number of arbitrary constants, and they are configurations of a special nature that the asymptotic method can also pick. In the first part of this work, we study the existence and properties of envelopes and discuss their consequences in the singularity structure analysis we made in \[[@CR1]\]. It turns out that the solution we found with the method of asymptotic splittings in the above mentioned region of $\documentclass[12pt]{minimal}
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In the second part of this work, we study the possibility of avoiding finite-distance singularities by cutting the bulk and gluing two non-singular branches of solutions at the position of the brane \[[@CR6]\]. We find that this is indeed possible, while the condition of finite four-dimensional Planck mass restricts the region of $\documentclass[12pt]{minimal}
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                \begin{document}$$-2<\gamma <-1$$\end{document}$. We then study the possibility of having physical systems with such an equation of state by analyzing the energy conditions for a bulk perfect fluid and we find that this region is excluded.

The plan of this paper is the following: In Sect. [2](#Sec2){ref-type="sec"}, first we describe briefly the concept of envelopes; in Sect. [2.1](#Sec3){ref-type="sec"} we give some simple examples and analyze their effect in general, while in Sect. [2.2](#Sec4){ref-type="sec"} we set up the dynamics of our model and analyze the nature of the envelopes that it exhibits. We then compare this result with the asymptotic behaviors that we found for the same model in \[[@CR1]\]. It follows that there always exist finite-distance singularities for all values of the parameter of the fluid, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$. Since there is no way of avoiding these singularities when the bulk space is considered as an indivisible entity, in Sect. [3](#Sec5){ref-type="sec"}, we exploit the presence of the brane that introduces a natural symmetry in the bulk and explore the possibility of avoiding finite singularities by cutting the bulk space and matching the solutions that are regular (i.e. they exhibit no finite singularities). In Sect. [3.1](#Sec6){ref-type="sec"}, we examine which range of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ gives a finite four-dimensional Planck mass, while in Sect. [3.2](#Sec7){ref-type="sec"}, we investigate whether this range of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$ satisfies physical constraints such as the weak and strong energy conditions. In Sect. [4](#Sec8){ref-type="sec"}, we conclude and comment on questions that remain open within the framework of the class of models considered in this paper. In Appendix [A](#Sec9){ref-type="sec"}, we analyze the envelopes that exist in the case of a flat or curved brane in a perfect fluid bulk for the various values of $\documentclass[12pt]{minimal}
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                \begin{document}$$\gamma $$\end{document}$. Lastly, in Appendix [B](#Sec10){ref-type="sec"}, we derive in detail the forms of the weak (Sect. [B.1](#Sec11){ref-type="sec"}) and strong (Sect. [B.2](#Sec12){ref-type="sec"}) energy conditions.

Asymptotic behavior and existence of envelopes {#Sec2}
==============================================

In this section, we review the effect of the existence of envelopes on differential equations in general but also for the system of differential equations that describes the brane-world model we studied in \[[@CR1]\].

First, we describe briefly the basic concepts and terminology that we use, starting with the definition of an envelope. Consider a one-parameter family of curves described by the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F(x,y,c)=0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$c$$\end{document}$ is the arbitrary parameter. An *envelope*, $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {E}}$$\end{document}$, is a fixed curve that is tangent to all members of this family of curves at some point. Thus, the slope of a member of the family is the same as the slope of the envelope at the point of intersection. This condition combined with the fact that the envelope itself satisfies the equation of the family ([2.1](#Equ1){ref-type=""}) at the point of intersection leads to the following set of equations \[[@CR4]\]:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F(x,y,c)=0 \quad \text {and} \quad \partial _{c} F=0. \end{aligned}$$\end{document}$$The equation of the envelope can be derived by elimination of the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$c$$\end{document}$ in the above set of equations. It can be shown \[[@CR4]\] that the resulting equation includes also the locus of the critical points.

This analysis can be extended to higher dimensional objects. For instance, if instead of a family of curves we have a family of surfaces given by the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x,y,z;c)=0, \end{aligned}$$\end{document}$$and there exists a surface $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {E}}$$\end{document}$, which is tangent to each member of this family of surfaces along a curve, then the surface $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {E}}$$\end{document}$ is the *enveloping surface* of ([2.3](#Equ3){ref-type=""}). We may define the enveloping surface by elimination of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x,y,z;c)=0,\quad \partial _c f=0. \end{aligned}$$\end{document}$$Then it can be shown that the resulting equation consists of two in general analytically distinct groups of surfaces, one of which is the envelope of the original surface and the other is the locus of critical points, that is, the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla f=0$$\end{document}$, cf. \[[@CR5]\], Sect. 219.

The method described above may be applied to the general solution of a differential equation, in order to trace the envelope which is usually a solution that cannot be derived from the general solution by assigning a particular value to some arbitrary constants. Since this method may introduce other points than the envelope, a check should be performed as a last step to certify that any curve found is indeed a solution of the system of differential equations under consideration \[[@CR7]\], p. 17--18.

Simple examples {#Sec3}
---------------

Here we give simple examples of differential equations to explain in general a novel relation between envelopes and asymptotic behavior traced by the method expounded in \[[@CR2]\] and \[[@CR3]\] which we used in our analysis of brane-world singularities in \[[@CR1]\]. We shall show that our asymptotic method called 'asymptotic splittings' has the further property that if the general solution has an envelope,[1](#Fn1){ref-type="fn"} that is, a limiting curve or surface to which all members of the family become tangents, then it is this enveloping curve that may be picked by the method instead of the general solution. On physical and geometrical grounds, this is to be expected since the method of asymptotic splittings is concerned with the asymptotic nature of the solutions, and if a dynamical system has an envelope, then its solutions will be asymptotically tangent to it.
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                \begin{document}$$\begin{aligned} \dot{x}^2-\dot{x}t+x=0, \end{aligned}$$\end{document}$$which has as a general solution the one-parameter family of curves \[[@CR8]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x=ct-c^2, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$c$$\end{document}$ is a constant. Following the method of asymptotic splittings, substituting the ansatz$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x=at^p,\quad a,p\,\,\text {constants,} \end{aligned}$$\end{document}$$which we call a dominant balance, we find that the equation also admits the following solution:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x=\frac{t^2}{4}. \end{aligned}$$\end{document}$$(This is also noted in \[[@CR8]\], albeit using a different method.) This solution has no arbitrary constant (that is, it has one less than the general solution) and does not follow from the general solution ([2.6](#Equ6){ref-type=""}). But the solution ([2.8](#Equ8){ref-type=""}) is the envelope of ([2.6](#Equ6){ref-type=""}), cf. \[[@CR8]\], pp. 333-4, Fig. 8.1. Another way to see the enveloping property of ([2.8](#Equ8){ref-type=""}) for the family ([2.6](#Equ6){ref-type=""}), is to set $\documentclass[12pt]{minimal}
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                \begin{document}$$F(x,t,c)=ct-c^2-x$$\end{document}$, and the envelope property means the simultaneous validity of the equations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F=0,\quad \partial _c F=0. \end{aligned}$$\end{document}$$Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _c F=0$$\end{document}$ gives $\documentclass[12pt]{minimal}
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                \begin{document}$$c=t/2$$\end{document}$, and from the first equation we find that $\documentclass[12pt]{minimal}
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We therefore conclude that the dominant balance picks the envelope not the general solution, when the latter has an envelope.

A more interesting example is the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \dot{x}^2+\dot{x}x^2t+x^3=0, \end{aligned}$$\end{document}$$which has the general solution,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x=\frac{1}{ct-c^2}. \end{aligned}$$\end{document}$$We substitute the dominant balance ([2.7](#Equ7){ref-type=""}) and find the non-trivial solution $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x=\frac{4}{t^2}, \end{aligned}$$\end{document}$$and we naturally wonder whether this is the envelope of ([2.11](#Equ11){ref-type=""}). Such an envelope, if it exists, has to satisfy the Eq. ([2.9](#Equ9){ref-type=""}), for the function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F=x-\frac{1}{c(t-c)}. \end{aligned}$$\end{document}$$Then we calculate$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _cF=\frac{-t+2c}{(c(t-c))^2}, \end{aligned}$$\end{document}$$so that $\documentclass[12pt]{minimal}
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                \begin{document}$$c=t/2$$\end{document}$ which putting it back in Eq. ([2.11](#Equ11){ref-type=""}), leads to $\documentclass[12pt]{minimal}
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                \begin{document}$$x$$\end{document}$ actually being given by ([2.12](#Equ12){ref-type=""}). Thus, we find again that the dominant balance picks the envelope instead of the general solution. Note the dependence in ([2.12](#Equ12){ref-type=""}), which is very similar to the asymptotic forms of the density we found typically in our work \[[@CR1]\].

The condition to deduce the existence of an envelope from the first order differential equation itself is that \[[@CR5]\], Sections 71-4, the equation $\documentclass[12pt]{minimal}
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                \begin{document}$$F(\dot{x},x,t)=0$$\end{document}$ has a double root in $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi =\dot{x}$$\end{document}$ in Eq. ([2.5](#Equ5){ref-type=""}), we get$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varphi ^2-\varphi t+x=0, \end{aligned}$$\end{document}$$and this has a double root provided the discriminant vanishes, that is,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} t^2-4x=0, \end{aligned}$$\end{document}$$which is exactly the envelope ([2.8](#Equ8){ref-type=""}). Similarly, for ([2.10](#Equ10){ref-type=""}) we set $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi =\dot{x}$$\end{document}$ and we are led to the equation$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \varphi ^2+\varphi x^2 t+x^3=0, \end{aligned}$$\end{document}$$for which the vanishing of its discriminant gives$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (x^2t)^2-4x^3=x^3(xt^2-4)=0, \end{aligned}$$\end{document}$$which, excluding the trivial solution for $\documentclass[12pt]{minimal}
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                \begin{document}$$x$$\end{document}$, gives precisely the envelope ([2.12](#Equ12){ref-type=""}).

The case of a perfect fluid bulk {#Sec4}
--------------------------------

In \[[@CR1]\] we studied a model consisting of a single 3-brane embedded in a five-dimensional bulk space with metric$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{5}=a^{2}(Y)g_{4}+\mathrm{d}Y^{2}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{4}$$\end{document}$ is the four-dimensional flat, de Sitter or anti-de Sitter metric, and an analog of perfect fluid with an energy-momentum tensor of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$Y$$\end{document}$). We further assumed that the fluid satisfies a linear equation of state with parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$p=\gamma \rho $$\end{document}$, where the 'pressure' $\documentclass[12pt]{minimal}
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In \[[@CR1]\] we found that for a flat brane the only possible dominant asymptotic behavior around the finite-time singularity is described by the following dominant balance:$$\documentclass[12pt]{minimal}
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Instead of looking for enveloping solutions directly from the form of the general solution, we are motivated by our considerations at the end of Sect. [2.1](#Sec3){ref-type="sec"} \[cf. Eqs. ([2.15](#Equ15){ref-type=""}), ([2.17](#Equ17){ref-type=""})\] to look for such solutions directly from the field equations. The only equation in which derivatives of the basic unknowns do not appear (much like the procedure mentioned previously) is the constraint. In addition, the constraint does not contain the independent variable \[note that after Eq. ([2.9](#Equ9){ref-type=""}) and also after ([2.15](#Equ15){ref-type=""}) we eliminated the time to express everything in terms of the parameter $\documentclass[12pt]{minimal}
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Avoidance of singularities by matching solutions {#Sec5}
================================================

In this section, we give the analytic solution of the dynamical system for the case of a flat brane and examine the possibility of avoiding singularities by cutting the bulk space and matching the solutions that are regular.
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We may apply the method of finding the enveloping surface to the general solution that we have now. However, this is just equivalent to our study of the constraint in the previous section for the following reason. Solving Eq. ([3.3](#Equ47){ref-type=""}) for $\documentclass[12pt]{minimal}
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Planck mass {#Sec6}
-----------
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Energy conditions {#Sec7}
-----------------

In the previous section, we showed that the requirement for a finite four-dimensional Planck mass restricts $\documentclass[12pt]{minimal}
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Conclusions {#Sec8}
===========

In the first part of this paper, we studied the effect that the existence of envelopes brings into the dynamics of the cosmological model of \[[@CR1]\], consisting of a 3-brane embedded in a five-dimensional fluid bulk satisfying an analog of an equation of state $\documentclass[12pt]{minimal}
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The fact that the general solution as well as the enveloping branes are both singular for all values of $\documentclass[12pt]{minimal}
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It is in principle possible that a singular general solution may possess an envelope having a regular piece. Unfortunately, as we showed in this work, this is not the case with the family of models considered in the present paper. It is an open question whether the form we used for the weak and strong energy conditions for the bulk system can be avoided (for example, by considering other canonical reductions), or whether a more general equation of state can be realized by considering for instance $\documentclass[12pt]{minimal}
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Appendix A: Envelopes {#Sec9}
=====================

In this section, we list the dominant balances that we found for the case of a perfect fluid bulk in \[[@CR1]\] and find the part of the enveloping surface to which they belong, that is, we give the explicit structure of the enveloping branes.
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Appendix B: Energy conditions {#Sec10}
=============================

In this appendix, we form the weak and strong energy conditions for the type of fluid considered in this paper by adopting the formalism expounded in \[[@CR11]\] p. 28--31 for our model. Since our medium is clearly anisotropic, it is not possible to make statements similar to the situation in general relativity. We assume that the energy-momentum tensor given by Eq. ([3.22](#Equ66){ref-type=""}) can be decomposed in the following way:$$\documentclass[12pt]{minimal}
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B.2 Strong energy condition {#Sec12}
---------------------------
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In general, any system of dynamical equations may itself define an envelope (for instance, when one considers a differential system with constraints) irrespective of whether or not the general solution is known. A general theory connecting the method of asymptotic splittings with the existence of envelopes for a general differential dynamical system is at present unknown.
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